The problem of calculating the homology characters of a topological space directly from the algebraic structure of its ring of continuous real-valued functions is an old one. If the space is compact Hausdorff, there must in theory exist a solution, for it is well known that the bare commutative ring structure completely determines the space up to homeomorphism. However, if the solution forces us to resort essentially to a brute-force reconstruction of the maximal-ideal space of the ring, nothing is gained.
The problem of calculating the homology characters of a topological space directly from the algebraic structure of its ring of continuous real-valued functions is an old one. If the space is compact Hausdorff, there must in theory exist a solution, for it is well known that the bare commutative ring structure completely determines the space up to homeomorphism. However, if the solution forces us to resort essentially to a brute-force reconstruction of the maximal-ideal space of the ring, nothing is gained.
The solution offered here begins with the construction of a "cohomology theory" on the category of commutative algebras over a fixed but arbitrary commutative ring. In the very special case of the real algebra of continuous real-valued functions onl a compact Hausdorff space, the resulting cohomology groups turn out to be the Alexander-Spanier (or equivalently, the tech) cohomology groups of the space, with real coefficients. It is not easy to see how to remove the restriction to real coefficients, and we have made no attempt to do so. But the definition of the cohomology groups very efficiently bypasses the reconstruction of the maximal ideal space, being completely algebraic ab initio. Even algebraic limiting processes are avoided, or at least disguised as "localizations." The significance of our cohomology theory in the abstract algebraic case is being studied; we hope to present more information in a later paper.
All rings and algebras are assumed to be associative and to have unit elements; all homomorphisms preserve units.
Let K be any commutative ring and let A be any commutative K-algebra. We define F0 = A and, recursively, F" = A®KFP-1; each FP is a commutative Kalgebra. The then dP'+IdP = 0. (Note that dP is only a homomorphism of K-modules.) Thus, F = I FP,dP } is a cochain complex.
We claim that dP(NP) CNP+1 and thus, N = NP,dP} is a subcomplex of F. In fact, let M be a maximal ideal of A and supposef E FP vanishes near M. E.g., let g ( FP, gf = 0, ,tp(g) Z M. Then for each i = 0,..., p + 1, diP(gf) = diP(g)diP(f) = 0, and ip+iedi'P(g) X M (for it is easy to see that tA,+1.djP = j,). Thus, diP(f) vanishes near M for each i, whence the result follows immediately. Finally, we let C = {-CP,dP } be the quotient complex F/N. The cohomology groups (actually K-modules) of C will be written as HP(A). These cohomology modules are, in fact, covariant functors on the category of commutative K-algebras in a straightforward manner whose explication we leave to the reader.
THEOREM. Let X be a compact Hausdorff space and let A = C(X), the real algebra of all continuous real-valued functions on X. Then for each p > 0 there is a canonical isomorphism between HP(A) and the p-dimensional Alexander-Spanier cohomology group of X with real coefficients.
We shall outline a proof of this theorem; the omitted details are easy exercises in algebra and sheaf theory.'
Let AP be the set of all continuous real-valued functions on XP+1, the (p + 1)- 1For the relevant parts of sheaf theory, see, e.g., Swan, R. G., The Theory of Sheaves (University of Chicago Press, 1964) .
